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Abstract
In the work we studied extended thermodynamics behavior of an
AdS Schwarzschild STVG black hole. This black hole metric is ob-
tained from scalar- vector- tensor gravity presented by Moffat. In the
extended thermodynamics a negative cosmological constant behaves
as pressure of the black hole which its conjugate variable is the ther-
modynamical volume. We will see in general this is different with the
black hole geometrical volume. This black hole has a parameter α
which comes from the used dynamical vector field. We obtained the
possible thermodynamics phase transition from small black holes to
large ones which is depended to small values of the black hole param-
eter α. In fact one can infer by looking to diagrams of the pressure,
Gibbs free energy and the heat capacity the small to large phase tran-
sition of the black hole is same as liquid-gas phase transition of an
ordinary thermodynamics system such as Van der Waals fluid.
1 Introduction
General relativity is an elaborate theory of gravity which successfully has the
most correspondence to the experiments [1, 2, 3, 4], but nonetheless there are
some unresolved issues that can not been explained by GR. Therefore, various
kinds of theories have been developed as generalization of GR in order to solve
such problems [5, 6]. Zwicky by calculating velocity of galaxies in the clus-
ters concluded that the gravitational mass is more than the luminous matter
[7]. Consequently, dark matter was defined, but it has not been detected yet
and GR has failed to explain cosmological data without dark matter. As a
result, we require a modified theory for which dark matter problem could be
solved. The scalar-tensor-vector gravity (STVG) model is a modified theory
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of GR is such a theory [8, 10]. This theory explain the phenomena with-
out requirement to introduce dark matter [9]. Also this theory successfully
explain the rotation curves of galaxies [10], the dynamics of galactic clus-
ters [11], the growth of structure [12] and the cosmic microwave background
(CMB) acoustic power spectrum [13]. Also, Cai and Miao have analyzed the
quasinormal modes of the generalized ABG black holes in STVG theory [14].
Studying black holes is one of the most remarkable and interesting subject
of investigations in GR and other gravitation theories. Black holes have cur-
vature singularities behind their event horizon which GR theory will fail to
explain it. So we need a more fundamental theory such as quantum gravity,
but it’s not been found yet. Therefore we seek for a suitable classical gravity
theory to explain our questions. To resolve the causal singularity in the cen-
ter of the ordinary black holes there have been proposed several non-singular
black holes such as ABG. [15, 16, 17, 18, 19, 20, 21, 22, 23]. The first regular
black hole was introduced by Bardeen which is singularity-free [33]. In the
following Ayon-Beato and Garcia (ABG) have shown that a nonlinear elec-
trodynamic source can cause a regular black hole in a weak energy condition,
in which the Einstein’s equations coupled to a nonlinear electrodynamic field
[25, 26, 27, 28]. This kind of black hole solution of the metric equation is
called as ABG black hole solution.According to the latter metric solutions,
Moffat has proposed the ABG black hole solution for his alternative model
called as STVG theory [29] which in this work its thermodynamic behavior
is investigated. In fact investigation the phase transition of a matter is a
significant subject in thermodynamic. In this way, Davis began to study the
phase transition of black holes [30] and it became noticed since the Hawking
discovered the black holes radiation. [31]. Bekenstein introduced that the
black hole entropy should be a quarter of the surface area of the horizon
S = A
4
[32]. Regarding, black holes possess temperature and entropy, they
are considered as thermodynamic systems [33]. Despite of this similarities,
there are some discrepancies between thermodynamics of the black holes and
ordinary systems. For example negativity of heat capacity in the black hole
systems. From point of thermodynamic view study the behavior of the black
holes is very interesting research gate because of relation between the ther-
modynamic rules and quantum behavior of the black holes (the Hawking
radiation and the black hole radiation) in absence of the unknown quantum
gravity theory. In other words the black hole thermodynamics clarifies route
of black holes nature to obtain the unknown quantum gravity. In this way
the Hawking and Page obtained a first order phase transition for the black
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holes [34]. Later the existence of small to large black hole phase transition for
charged and rotating black holes have been investigated and proved [35, 36].
Layout of the work is as follows.
In section 2 we introduce in summary the AdS Schwarzschild STVG black
hole metric and call its horizon. In section 3 we calculate its thermodynam-
ics variables such as entropy, temperature, heat capacity, Gibbs free energy
and etc. We study their diagrams versus the temperature and the black hole
horizon by comparing the thermodynamic diagrams of the well known Wan
der Waals fluid. Section 3 denotes to the concluding remarks and outlook of
the work.
2 AdS Schwarzschild STVG black hole
The STVG theory gravity presented by Moffat is given by the following action
functional [8]:
S = SGR + Sφ + SS + SM (2.1)
where the general relativity part of the action GGR is defined by the Einstein
Hilbert action
SGR =
1
16pi
∫
d4x
√−gR
G
, (2.2)
the modified massive vector part of the action Sφ is given by
Sφ = −
1
4pi
∫
d4x
√−g (K + V (φ)) (2.3)
and the scalar part of the action SS is given by
SS =
∫
d4x
√−g
[
1
G3
(
1
2
gµν∇µG∇νG− V (G)
)]
+
∫
d4x
√−g
[
1
µ˜2G
(
1
2
gµν∇µµ˜∇νµ˜− V (µ˜)
)]
(2.4)
respectively and SM denotes to model dependent ordinary matter source. g
is absolute value of the metric determinant, R = gµνR
µν is the Ricci scalar.
φµ refers to a massive vector field with mass parameter µ˜ and self interaction
potential V (φ) = −1
2
µ˜2φµφµ. Kinetic term of this vector field is defined by
K =
1
4
BµνBµν (2.5)
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for which Bµν = ∂µφν−∂νφµ is an anti symmetric linear tensor field. V (G) is
self interaction potential of non material scalar field G(x) (a variable Newton
gravity coupling parameter) and V (µ˜) denotes to self interaction potential
according to the scalar field µ˜(x). ∇µ refers to the covariant derivative for
a metric tensor field gµν . Such these alternative gravity models are called as
creative models against the general relativity itself, because without the last
term SM these models can create gravity by self interacting of the fields while
in the GR the external matter sources SM is necessary in the production of
gravity. In fact effects of the vector field mass φ˜ dose not vanishing just at
kiloparsec scales from gravitational sources while so it can be neglected near
the black holes solutions of the model. At the slow varying regime of the
Newton’s gravity coupling parameter we can consider G = GN(1 + α) where
GN is the well known Newton’s gravity coupling constant at the Newton
and General relativity approach of the model in which the dimensionless
parameter α comes from alternative counter terms of the above action at the
slow varying regime of the scalar field G(x). In other worlds for α = 0 the
STVG gravity returns to general relativity so we can regard deviation of the
STVG theory with respect to the GR given by α parameter. To obtain a
vacuum metric solution of the above model we can simplify it by assuming
a massless vector field µ˜ = 0 for which the total action (2.1) takes a simple
forme as follows.
S =
1
16pi
∫
d4x
√−g
(
R
G
− BµνBµν + Λ
)
(2.6)
for which metric field equations show an modified Schwarzschild black hole
which its forme is same as the Reissner Nordstrom black hole metric as
follows.
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 (2.7)
where the metric potential f(r) is
f(r) = 1− 2GM
r
+
αGNGM
2
r2
− Λ
3
r2. (2.8)
Without the cosmological term Λ this is called as charged Schwarzschild
STVG black hole solution by Moffat [29] in which gravitational charge q =√
αGNM obtained from vector field φ
µ and so the above metric solution same
as the Reissner Nordstrom black hole contains two horizons. Their locations
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are obtained by solving the horizon equation f(rh) = 0 as follows.
α(α+ 1)M2
r2h
− 2(α+ 1)M
rh
+ 1 +
8pi
3
Pr2h = 0 (2.9)
where we substitute GN = 1 for simplicity, so G = α + 1 and P = − Λ8pi
as the pressure of the AdS space. For Λ = 0 this equation reads r± =
M(1+α±√1 + α) where r− and r+ are called as Cauchy and event horizons
respectively. r− is invisible from point of view of an observer located at
outside of the black hole while r+ is not. So we will study thermodynamics
of the exterior horizon. We know mass of the black hole is the enthalpy
energyM = H which for exterior horizon of this black hole the event horizon
equation (2.9) reads
M =
rh
α
[
1−
√
1
α + 1
− 8piαPr
2
h
3(1 + α)
]
(2.10)
On the other side the Hawking temperature of the black hole is defined versus
the surface gravity on the horizon as
T =
f ′(rh)
4pi
=
(1 + α)M
2pir2h
− α(1 + α)M
2
2pir3h
+
4Prh
3
. (2.11)
which by substituting (2.10) reads to the following form
T =
2
3
Prh −
1
2piαrh
[
1−
√
(1 + α)(1− 8piαPr
2
h
3
)
]
(2.12)
Applying the first law of thermodynamics
dM = TdS + V dP (2.13)
one can infer that the black hole thermodynamic volume is defined by
V =
(
∂M
∂P
)
S
=
4pir3
h
3√
(1 + α)(1− 8piαPr2h/3)
(2.14)
and the black hole entropy is defined by
S =
∫
1
T
(
∂M
∂rh
)
P
drh =
∫
f(rh, P, α)drh (2.15)
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where we defined
f(rh, P, α) =
2pirh√
(1 + α)(1− 8piαPr2h/3)
×
[ √
(1 + α)(1− 8piαPr2h/3)− 1 + 16piαPr2h√
(1 + α)(1− 8piαPr2h/3)− 1 + 4piαPr2h/3
]
. (2.16)
This integral equation has not analytic solution and so we must be substitute
Taylor series expansion of the function (2.16) and integrate term by term
which up to terms in order of O(α2) we obtain
S ∼= 1
3
pir2h(44piPr
2
h + 3) +
(
352
27
pi4P 3r8h +
704
27
pi3P 2r6h − 3pi2Pr4h −
1
2
pir2h
)
α.
(2.17)
The equation (2.14) shows that the thermodynamics volume of this black hole
reaches to its geometrical volume just for α = 0. Substituting the equations
(2.10), (2.12) and (2.17) one can obtain Gibbs free energy and heat capacity
at constant pressure of this black hole respectively as follows.
G =M−TS = rh
α
(
1−
√
1
1 + α
− 8piαPr
2
h
3(1 + α)
)
−704rh
81α
(
αpi3P 3r6h+2αpi
2P 2r4h
− 81
352
piPr2h(α−
44
9
)− 27
704
α+
27
352
)(
αpiPr2h +
3
4
√
(1 + α)(1− 8piαPr2h/3)−
3
4
)
(2.18)
and
CP = T
(
∂S
∂T
)
P
= T
(
∂S
∂rh
)
P
(
∂T
∂rh
)−1
P
(2.19)
where CP is long length equation versus the black hole horizon radius and so
we dot write it here.
Now we plot diagrams of the thermodynamics variables of the black hole
system such as temperature, pressure, Gibbs free energy and heat capacity.
Diagrams of temperature and pressure versus the thermodynamics volume
in figures 1 and 2 show that this black hole behaves as Van der Waals fluid
thermodynamically which for small values of the α parameter has a phase
transition from small to large black holes. In figure 3 diagram of the Gibbs en-
ergy versus the temperature show a swallowtail form which means physically,
there is a coexistence between two phases for small α which it disappeared
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in the large values of the α parameter. This result can be understood better
by looking at the figure 8 where heat capacity has two positive and negative
values synchronously at same temperature. This means that when the heat
capacity has negative values the system is diathermal (Heat repellent) and
when it has positive values the system is exothermal (heat absorber). Figures
6 and 7 is also show this statement for variation of the heat capacity versus
the thermodynamics volume or horizon radius. Gibbs energy diagram versus
the thermodynamics volume in figure 4 shows the black hole exhibit with a
small to large black hole phase transition for small values of the α parameter
where the small black holes are inclined to reach to bigger black holes because
of shape of minimum point of the diagram. Physical interpretation of the
figure 5 is same as one which we say for figure 4 but versus the geometrical
horizon radius of the black hole.
3 Conclusion
In this paper we studied physical effects of a dynamical vector field on ther-
modynamics phase transition of modified AdS Schwarzschild black hole. We
see that for small parameter of the vector field the small to large black hole
phase transition is obvious but not for large values of the α parameter. In
the latter case the phase transition is disappeared. Coexistence state be-
tween two phase of the black hole is obvious for small α by looking at the
swallowtail form of the G− T plane.
It is important to note in the study of this paper that the Einstein geomet-
rical Schwarzschild black hole does not experience phase transitions alone,
but the presence of vector fields in this type of black holes from the Moffat‘s
model can cause the thermodynamic phase transition of the black hole in the
extended thermodynamics. One of works which we like to study as an future
work is investigating the effects of this α parameter on the Joule-Thomson
effect of the AdS Schwarzschild STVG black hole.
References
[1] C. M. Will, The Confrontation between General Relativity and Experi-
ment, Liv. Rev. Rel. 17, 4 (2014).
7
[2] E. Berti, E. Barausse, V. Cardoso and et al, Testing General Relativ-
ity with Present and Future Astrophysical Observations, Class. Quant.
Grav. 32, 243001 (2015).
[3] B. P. Abbott, Observation of Gravitational Waves from a Binary Black
Hole Merger, Phys. Rev. Lett. 118, 221101 (2017).
[4] A. Hees,T. Do, A. M. Ghez and et al, Testing General Relativity with
stellar orbits around the supermassive black hole in our Galactic center,
Phys. Rev. Letters 118, 211101 (2017).
[5] L. Heisenberg, A systematic approach to generalisations of General Rel-
ativity and their cosmological implications, Phys. Rept. 796, 1 (2019).
[6] T. Clifton, P. G. Ferreira, A. Padilla, C. Skordis, Modified gravity and
cosmology, Phys. Rept. 513, 1 (2012).
[7] V Trimble, Existence and nature of dark matter in the universe, Ann.
Rev. Astron. Astrophys. 25: 425-72 (1987).
[8] J. W. Moffat, Scalar–tensor–vector gravity theory, JCAP 0603, 004
(2006).
[9] J.R. Brownstein and J.W. Moffat, Galaxy cluster masses without non-
baryonic dark matter, Mon. Not. Roy. Astron. Soc. 367 (2006) 527.
[10] J. W. Moffat and S. Rahvar, The MOG weak field approximation and
observational test of galaxy rotation curves, MNRAS, 436, 1439 (2013).
[11] J. W. Moffat and S. Rahvar, The MOG weak field approximation –
II. Observational test of Chandra X-ray clusters, MNRAS, 441, 3724
(2014).
[12] J.W. Moffat, Scalar and vector field constraints, deflection of light and
lensing in Modified Gravity (MOG), arXiv:1410.2464 [gr-qc].
[13] J.W. Moffat, Structure growth and the CMB in Modified Gravity
(MOG), arXiv:1409.0853 [astroph.CO].
[14] X.C. Cai and Y.G. Miao, Quasinormal modes of the generalized ABG
STVG black hole in the scalar-tensor-vector gravity, arXiv:2008.04576v1
[gr-qc].
8
[15] A. Borde, Open and closed universes, initial singularities, and inflation
Phys. Rev. D 50, 3692 (1994).
[16] A. Borde, Regular black holes and topology change, Phys. Rev. D 55,
7615 (1997).
[17] I. Dymnikova, Vacuum nonsingular black hole, Gen. Rel. Grav. 24, 235
(1992).
[18] S. A. Hayward, Formation and evaporation of regular black holes, Phys.
Rev. Lett. 96, 031103 (2006).
[19] C. Bambi and L. Modesto, Rotating regular black holes, Phys. Lett. B
721, 329 (2013).
[20] M. Mars, M. M. Martin–Prats, and J. M. M. Senovilla, Models of reg-
ular Schwarzschild black holes satisfying weak energy conditions Class.
Quant. Grav. 13, L51 (1996).
[21] A. Cabo and E. Ayon–Beato, About black holes with nontrapping inte-
rior, Int. J. Mod. Phys. A 14 (1999) 2013
[22] S. G. Ghosh and S. D. Maharaj, Radiating Kerr-like regular black hole,
Eur. Phys. J. C 75, 7 (2015).
[23] Dymnikova and E. Galaktionov, Regular rotating electrically charged
black holes and solitons in non-linear electrodynamics minimally coupled
to gravity, Class. Quant. Grav. 32, no. 16, 165015 (2015).
[24] J.M. Bardeen, Non-singular general relativistic gravitational collapse,
in Proceedings of the International Conference GR5, Tbilisi, Georgia
(1968), p. 174.
[25] E. Ayon-Beato and A. Garcia, Regular Black Hole in General Relativ-
ity Coupled to Nonlinear Electrodynamics, Phys. Rev. Lett. 80, 5056
(1998).
[26] E. Ayon-Beato, A. Garcia, New regular black hole solution from nonlin-
ear electrodynamics, Phys. Rev. Lett. B 464, 25 (1999).
[27] E. Ayon-Beato, A. Garcia, Non-singular charged black hole solution for
non-linear source, Gen. Rel. Grav. B 31, 629 (1999).
9
[28] E. Ayon-Beato and A. Garcia, Four-parametric regular black hole solu-
tion, Gen. Relativ. Gravit. 37 (2005) 635.
[29] J. W. Moffat, Black holes in modified gravity (MOG), Eur. Phys. J. C
75 (2015) 175.
[30] P.C.W. Davies, The thermodynamic theory of black holes, Proc. R. Soc.
Lond. A 353 (1977) 499.
[31] S.W. Hawking, Gravitational radiation from colliding black holes, Phys.
Rev. Lett. 26, 1344-1346 (1971).
[32] J.D. Bekenstein, Black holes and entropy, Phy. Rev. D 7, 2333 (1973)
[33] J. M. Bardeen, B. Carter and S. W. Hawking, The Four laws of black
hole mechanics, Commun. Math. Phys. 31 (1973) 161.
[34] S. W. Hawking and D. N. Page, Thermodynamics of black holes in anti-
de Sitter space, Commun. Math. Phys. 87, 577 (1983).
[35] A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Charged
AdS black holes and catastrophic holography, Phys. Rev. D 60, 064018
(1999).
[36] A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Holography,
thermodynamics, and fluctuations of charged AdS black holes, Phys.
Rev. D 60, 104026 (1999).
10
Figure 1: T-V
Figure 2: P-V
11
Figure 3: G-T
Figure 4: G-V
12
Figure 5: G− rh
Figure 6: CP − V
13
Figure 7: CP − rh
Figure 8: CP − T
14
